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Abstract 



We investigate the phenomenon of "faster than Hght" photons in a fam- 
ily of dilaton black hole spacetimes. For radially directed photons, we find 
that their light-cone condition is modified even though the spacetimes are 
spherically symmetric. They also satisfy the "horizon theorem" and the "po- 
larization sum rule" of Shore. For orbital photons, the dilatonic eff^ect on the 
modification of the light-cone condition can become more dominant than the 
electromagnetic and the gravitational ones as the orbit gets closer to the event 
horizon in the extremal or near-extremal cases. 
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I. INTRODUCTION 



In 1980, Drummond and Hathrell discovered that photons may propagate faster than 
the "speed of hght" c in curved spacetimes if QED one-loop quantum effects are taken into 
account. For instance, they found that in a Schwarzschild black hole spacetime, an orbital 
photon is superluminal in one polarization and subluminal in the other. This in fact gives 
a gravitational analogue to the phenomenon of electromagnetic birefringence 0. Due to 
the one-loop vacuum polarization, the photon exists part of the time as a virtual e^e^ pair. 
This introduces a size on the photon of the order of the Compton wavelength of the electron 
Ac = l/^Ti, where m is the mass of the electron (Here we use the notation h = c = eo = 1.) 
After acquiring a size, the motion of the photon could thus be altered by the tidal effects 
of the spacetime curvature. As discussed in Ref. 1, however, this change of speed does not 
necessarily imply any violation of causality. 

In the past few years, the study of this phenomenon has been extended by Daniels and 
Shore to Reissner-Nordstrom (RN) and Kerr ^ black hole spacetimes. Two general 
features, called the "horizon theorem" and the "polarization sum rule", emerge from these 
considerations First, the horizon theorem states that the velocity of radial photons 
remains equal to c at the event horizon. In fact it has been found that in spherically 
symmetric spacetimes like the Schwarzschild and RN ones, the velocity of radial photons 
does not change at all. Second, the polarization sum rule states that the polarization 
averaged velocity shift is proportional to the matter energy-momentum tensor. Therefore 
velocity shifts of the two polarizations are equal and opposite in Ricci flat spacetimes. 

In this work we would like to study this phenomenon in dilaton black hole spacetimes. 
Dilaton gravity arises from low-energy effective string actions. The corresponding black 
hole solutions exhibit quite different causal structures from the usual RN solutions. For 
example, the inner horizon is a spacelike surface of singularity in the dilaton case versus 
a regular surface in the usual one. Therefore it would be interesting to see if there is any 
peculiarity in the propagation of photons in these rather different black hole spacetimes. 
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In the next section we consider the effective action of dilaton gravity which includes 
one-loop quantum effects from matter. Using the geometric optics approximation, we derive 
the equation of photon propagation. In Section III, the propagations of photons in different 
dilaton black hole spacetimes, parametrized by the dilaton coupling constant a, are studied. 
The light-cone condition of the specific cases of radial and orbital photons are considered in 
more details in Sections IV and V, respectively. Conclusions and discussions are presented 
in Section VI. 



II. PHOTON PROPAGATION IN DILATON GRAVITY 

We shall be using the action for dilaton gravity, 

S = J d^x^[R - 2(V0)' - e-^^'^F\ (2.1) 

where is the dilaton field and d is the dilaton coupling. The one-loop quantum effects 
from matter is summarized in the effective action HI 



+ J_ f d'xV^[z{F,,Fn' + yF^.F^.F'^^Fn, (2.2) 
where a, 6, c, d, z and y are constants. For QED corrections, 

_ a t _ 13a _ a 
" 367r " gOvr ^ QOvr 3^ 

J _ 2a_ _ _cP_ _ Ua^ 
" ~ IStt ^ 9 y 45 

where a is the fine structure constant and m is the electron mass. Here we are effectively 
making a local expansion in powers of R/m? and aF'^jnv' where R and F are generic 
curvature and field strength, and are retaining only the leading order terms. 

We derive the equation of motion for the electromagnetic field by taking the variation 

(5(5 + 5i 



V^(e-2'^'^F^'^) 







-—XF^'^F^^V^F^^" + 2F^'''F^,V^F^^) 

-—^y{F^-F„ry^.F^'' + F^"F,.V^F^^ + F^'^F^^W^F^r) = 0. (2.4) 

Next we write 

F^u = F,, + f,u, (2.5) 

where F^y is the background electromagnetic field and f^j^u is the photon field. To obtain the 
equation of motion for the photon, we put Eq.( |2.5| ) into Eq.( ^.4[ ) and take the part linear 
in f^y. In addition, we assume that typical variations of the background electromagnetic, 
gravitational and dilatonic fields, characterized by the scale L, are much smaller than that 
of the photon field, that is, 

L > A (2.6) 

where A is the photon wavelength. Then derivatives like V-F and V-R can be neglected as 
compared to V/. Hence, from Eq.(^.4[) we have. 



-—.ze^^'^iF^^F^rVj^" + 2F^'^F.,V^r^) 
rrr 



jye^'^^F^^F^.V^r'^ + F^'^F^rV.r + F^'' F'^V ,Ur) = 0. (2.7) 

Without quantum corrections, V^/^*^ = 0. Thus V ^f^^ is at least of first order (order of 
a in QED) in perturbation. Since we are considering only first order effects, we should 
consistently neglect terms in the above equation with 'W ^f^^ which are of second order or 
higher, giving 

V^r^ - ^he^'-^iR^'^Vj;) - -^ce^'"t'R^\r{Vjn 



Actually, to neglect terms containing Vf^f^", we need to have a bound on this derivative. A 
sufficient condition is that, 

A > A„ (2.9) 

where Ac is the electron Compton wavelength. 

To study the propagation of the photon, we use the geometric optics approximation 0, 
in which one writes 

L = U.e'', (2.10) 

where ^ is a rapidly varying phase and f^i, a slowly varying amplitude. The momentum of 
the photon is given by = and the amplitude can be written as 

flJ.U = k^CLy kyOj^^ (2.11) 

where is the polarization vector satisfying the condition, 

/cX = 0- (2-12) 
In this geometric optics approximation, the equation of motion becomes 



k^r - ^be^^^R^^kJ^ - l^ce'^'t>R^\,{k^r) 
-—,ze^'"^F^^''Krk,r - —,ye'^HF^''F'^rk,r + F'^'^F'^^k^Ur) = 
^ k^a"" - -^he^^'*'R^"'kJkX - k^a.) - -^ce^^'^R^'^rkuk'^a^ 

-^ze'^^'^F^"'F^rk.k''a'' - -^ye^^^(F^"'F„rkJk''a'' - k^a") - F^"" F^^k.k^a^ = 0. 

(2.13) 

In the next section, we shall study the propagation of photons in dilaton black hole space- 
times using these equations. 
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III. DILATON BLACK HOLE SPACETIMES 



One family of electrically charged dilaton black holes can be obtained from the 
action in Eg. with the line element 



ds^ = -X'^df + X~^dr^ + R\de^ + sm^ed(j)^), (3.1) 

where 

R = r[l--j , (3.3) 

with r = r+ and r = r_ corresponding to the outer and inner horizons, respectively. r+ and 
r_ are related to the mass M and charge Q of the black hole by 

2GM = r++(\^]r_, (3.4) 



(3.5) 



Att 1 + a2 ' 

where G is the Newton's constant. Moreover, the electric and the dilaton fields are given by 

e-*=(l-!^)"'""r (3.7) 
To introduce a local set of orthonormal frames, we use the vierbein fields e^°' defined by 

gf,u = Vabe^'^e^'', (3.8) 
where rjab is the Minkowski metric, and 

e/ = diag(A, 1/A,i?,i?sin^), (3.9) 

with the inverse 

e/ = diag(l/A, A, 1/R, l/RsmO). (3.10) 
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The vierbein components of the Riemann tensor Rated are 

Using the notation f/^^^ = S^Sl — S^S^^ etc., the Riemann tensor can be expressed more 
compactly as 

Rated = Au'^M + B{u!!u^! + u^lu^j) + c{ul!ul! + u^^u^J) + du^Iu^!, (s.m) 

and the vierbein components of the background electric field is 

= ^^U'al (3.15) 

In this local set of orthonormal frames, the equation of motion for photons in Eq. ( p.l3| ) can 
be written as 

k'a' - J-be^^'^R^'hikaa' - k^a^) - ^ce^^'I'R^^dkak'a'' 



2a0^a6p^^^^^c^<i - l-ye^-'f>(F'''^F,dka{k'a'' - k'^a') - F'^'^F'^'kakaa,) = 0. (3.16) 



The independent components of the polarization vector can be projected out using the 
vectors, 

k = k-Ull (3.17) 

m, = W02, (3.18) 

nt = k'^Ull (3.19) 

since and rf" are independent and orthogonal to /c°. We also introduce the dependent 

vectors 
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Pb = k'^Ull = ^{k'm, - k\) (3.20) 
q, = k-Ull = ^{k'nt - k%) (3.21) 
n = k'^Ull = ^{k^nt - emt) (3.22) 

Contracting the equations of motion in Eg. (|3.16|) with Z", m"' and n"', respectively, we obtain 
equations for each independent components of the polarization vector a", 

A;2(a . y) _ _Lbe^-'l>[Af + B{m^ + n^) + C^p" + g') + Dr^a ■ v) 
-^ce^^'^[A{l ■v){a-l) + B{m ■ v){a ■ m) + B{n ■ v){a ■ n) 
+C{p ■ v){a ■ p) + C{q ■ v){a ■ q) + D{r ■ v){a ■ r)] 



(4^) ■ ■ - ^^y'"' (4^) [^'^^ + ■ 0] = 0, (3.23) 



where = /°, or n". To show the peculiarities of the propagation of photons in these 
situations we shall concentrate on the cases of radially directed and orbital photons in the 
next two sections. 



IV. RADIAL PHOTONS 

For radially directed photons, 

k^ = k^ = 0, (4.1) 

then 

r = (A;\A;°,0,0), (4.2) 
= (0,0,fc°,0), (4.3) 
= (0,0,0, A;°). (4.4) 

Thus (a ■ /) corresponds to the unphysical polarization. On the other hand, the equations 
for the physical polarizations (a ■ m) and (a ■ n) in Eq.( |3.23| ) are the same. 
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2iv? 



rce 



2a(/) 



2a(^ 



/ Q 



(a ■ t;) = 0, 



(4.5) 



where v"" = m"' or n". 

To have non-trivial solutions, we require 
1 



2m? 



rce 



2a<p 



rye 



2a<j) 



Q y 

47rr2/ 



0. 



(4.6) 



To first order in perturbation, this gives 

1 



2m? 
1 

2m2 



(6 + 2c)e""^(5 + C) 



(& + 2c)- 



For = 0, 



l + a?Y 



1-^1-!- 
r \ r , 



-1 



(4.7) 



(4.8) 



which is the case for Schwarzschild or RN black holes as well as other spherically symmetric 
spacetimes 0,0], where the light-cone condition for radial photons is not modified. For 
7^ 0, the light-cone condition is modified in this dilatonic case even though the spacetime 
is still spherically symmetric. For example, for QED quantum corrections. 



6 + 2c 



13q; 2a 
+ 



9077 gOvr 
11a 

< 0, 



QOtt 



(4.9) 



the radial photons in fact propagate superluminally when r > r_|_,r_. 
At the event horizon, r = r_|_. 



(4.10) 



which is in accordance with the "horizon theorem" proven by Shore [^], that the light-cone 
condition for radial photons becomes A;^ = at the event horizon. From Eq.( [4.7|) , we also 



see that at the inner horizon, r = r_, the velocity shift diverges. This reflects the fact that 
the inner horizon for dilaton black holes is actually a singular surface. 

We can also consider the other theorem of Shore the polarization sum rule. For radial 
photons, to flrst order in perturbation, 

= 2{B + C){k^f. (4.11) 



Using Eqs. (|4.11| ) and ([4.7|) , we have for the two polarizations. 



pol pol 

1 



{b + 2c)e'^^[2{B + C){k^f)] 



^ {h + 2c)e'^'^'^Rabk^k\ (4.12) 



which is just the "polarization sum rule" considered by Shore, modifled to the dilaton case. 



V. ORBITAL PHOTONS 



For orbital photons, take 



= = and 6 = ^, (5.1) 



then 



r = (0,A;0,0,0), (5.2) 
= (0,0,fc°,0), (5.3) 
= (P,0,0,fc°). (5.4) 

Thus (a ■ n) is the unphysical polarization. From Eq. (|3.23|) , the r-polarization (a ■ /) and the 
^-polarization (a ■ m) satisfy the equations. 
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rce 



2a<j> 



A + C 



A;0 



~y^' \ A 2 



(5.5) 



and 



2rn? 



rce 



47rr" 



(a-m) = 0. 



(5.6) 



For the polarizations (a ■ /) or (a ■ m) to be non-zero, we obtain the photon velocities for 
these two polarizations: 



r pol 



1 - -^be^^'^(A + B + C + D)- -^ce^^'f'iA + C) 



-ze 



2d<j) 



_Q_ 

47rr^ 



rye 



2a<j> 



_Q_ 



(5.7) 



e pol 



1 - -^he^^'^iA + B + C + D)- -^ce^^'^m + D) 

4:1V? TV? 



rye 



2a0 



/ Q 



(5.8) 



m"* V47rr2, 

Therefore, the light-cone condition is also modified for orbital photons, and the velocities of 
the photons for the two polarizations are different, a phenomenon of gravitational birefrin- 
gence g. 

To see how the light-cone condition is modified, we shall examine more closely the RN 
case with = and the stringy case with ci^ = 1. For = 0, 



V r J \ r 
R = r, 



(5.9) 
(5.10) 



with 



2GM = r+ + r_, 

= r I r_. 

47r 



(5.11) 
(5.12) 
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Then 



A+B+C+D 
A + C 
B + D 



GQ^ 

3GM GQ^ 
3GM GQ^ 



(5.13) 
(5.14) 
(5.15) 



and 



fc3 



A;3 



1 - 



(GQ^ _ c_ f 3GM ^ GQ_ 



r pol 



4^ / g 



2y /_Q ^2 
77^4 V47rr2, 



pol 



4m2 y27rr^/ 27rr^/ 



1 ^/ Q 



(5.16) 



(5.17) 



which are the same as the resuhs in [Q]. For QED corrections, Eqs.( p.l^ ) and ( |5.17| ) become 



fc3 



r pol 



30 Vtt 



1 \ fGM\ 1 



45 V I \A7rr^ 



m? J V 

Q ' 



J ^ 36 [m^] iATTr^) 



(5.18) 



6» pol 



1-^ ^ 

30 Vtt 
14 



1 fGM\^ ^ 17 fa\^ ^ 1 



■J 



180 Vtt 



(Gcr 



Q 



(5.19) 



45 ) V47rr2, 

To compare the magnitudes of various terms, we define, following Daniels and Shore 0, the 
accretion limit charge 



/47r 

go = \ —GMm. 
V a 



(5.20) 



In terms of Qo, 



r pol 



240 Vtt/ {GMmf V r 



/2GM^3 



1 + -T 



5 

12 



'Gm^\ ( QY f2GM\ 



a 



) 



2 QY f2GM\ 



(5.21) 



12 



fc3 



pol 



1 /a\ 1 /2GM\^ 
240 \n) {GMnif \ r J 



17 /Gm^^ 



12 



(^) 



6 Wo, 



(^) 



(5.22) 



In the square brackets, the three terms represent, respectively, the gravitational effect iden- 
tical to the Schwarzschild case, the indirect effect of the charge due to its modification of 
the gravitational field, and the contribution of the electromagnetic field itself. The second 
term includes a factor 



10 



-43 



a 



(5.23) 



so that it is much smaller than the third term. On the other hand, for the gravitational 
contribution to be comparable to the electromagnetic one, one must require 



Q-Qo 



for r ~ 2GM. Then the first and the third terms are of the same magnitude. 



(5.24) 



1 /a 



r pol 



pol 



1 



1 - 



240 V Try (GMm)2 \ r J 

1 /a\ 1 /2GM\^ 
240 W/ (GMm)2 \ r J 



1 



2 (QY f 2GM \ 

3 \Q,) \ r ) 

7 (qV / 2GM \ 
6 \qJ \ r ) 



(5.25) 
(5.26) 



For 6'-polarization, the velocity is always smaller than c. For r-polarization, the velocity 
could be larger than c if 

2 ( qV 2GM 



1 - 



3 1 g, 



> 



0, 



r 2 fQ^ 
2GM 3 V Qo 



(5.27) 



which is again the same conclusion as in [^. 

For comparison, we note that the extremal value Qext for a RN black hole is given by 



(5.28) 



and 



13 



Q 



ext 



a 



(5.29) 



Hence for the gravitational effect to be of significance, the charge of the black hole must be 
much smaller than the extremal value, that is, 



Q ~ Qo < Qext- 



(5.30) 



However, if Q — Qext ^ Qo, the electromagnetic term dominates. Then Eqs. (^.21|) and 
( ^.22| ) become 

1 

= 1-7 

r pol 

,.J^(-]^J^(?^y(^]\ (5,32) 



fc3 



J- /2GM\Vg y 

360 \nj {GMmf \ r J \QqI ' 
1440 U/ (GMm)2 I r / V<5o 



(5.31) 



pol — v---"v ^ ' ' \n^0, 

for r ~ 2GM. The velocities for both polarizations are subluminal but different from each 
other, and this is just the phenomenon of electromagnetic birefringence 0. 

Next we turn to the stringy case, = 1, which we take as a typical example for non-zero 
a\ With = 1, 



r+ = 2GM, 
r_ = Q^/AttM, 



(5.33) 
(5.34) 



then 



e^^iA + B + G + D) 



e^'^iA + C) 



GQ^ 



GM 



(5.35) 



GQ^ 



(4^3 



-12(G'M)^ + 22{GM) 



'GQ^ 



GM 



-12 

GQ 



2\ -1 



+ 



(4^3 



'GQ' 



GMJ V 47rr 



12(G'M)2 - 14(GM) 



(5.36) 



'GQ' 



2\ 2 



,20 



GM 



+4 



GM- 



' GQ 
^ 47rr j 

GQ' ' 
Aixr 



' GQ 
\GMj \ 4nr 



/ r 



2\ 2 



(5.37) 
(5.38) 
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First we assume that the charge 



ext 



(5.39) 



where the extremal condition r+ = r_ now gives 



(5.40) 



Hence, Q <C Qext imphes that 



GM > 



(5.41) 



for r ~ 2GM. In this approximation, we can expand the expressions in Eqs.( ^.36D and 

(P3), 



e'^'iA + G) 



3GM hGQ"' 



^3 StIT^ 



+ 



3GM GQ^' 



J.3 Snr'^ 



+ 



(5.42) 
(5.43) 



Keeping only leading terms in the expressions above, Eqs.( ^.7|) and ( p.8|) become 



= RN result + ^ f ^) + ii (^] f « 

2y_ f GQ' \ /_Q 



+ 



yAnrGM J V47rr 



e poi 

For QED corrections. 



RN result 



(5.44) 
(5.45) 



RN result + 



1 fa 



r pol 



1 /2GM\=' 
240 V Try (GMm)2 V r / 



1 /Gm^\ /_g y /2GM\ 



fc3 



1 /a 

RN result + — - 



e pol 



1 /2GM\3 
240 Vvry jGMmf \ r ) 



L ^a^] Q_y f ^GM v 



(5.46) 
(5.47) 
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The extra terms are subleading with respect to the RN results because they are proportional 
to Gvn^ja ~ 10~^^. Therefore, conclusions from the RN case will not be altered. The 
smallness of the dilatonic effects in this case can be understood from the fact that for the 
dilaton black holes that we are considering, the dilaton charge is given by 0] 



D = — l d^S^ V, 
47r Js 



Hence, for Q < Q^^t = VSnGM^, 



D < 



Qext 



M. 



(5.48) 



(5.49) 



8nGM 

The dilatonic effect is therefore much smaller than the gravitational effect. 

On the other hand, if Q ~ Qext, or D ~ M, the dilatonic effect should be of importance. 
Thus we shall now look at this extremal case, with 



Q = Qext = VSnGM^. 



(5.50) 



Remember that in the RN case, the electromagnetic effect dominates over the gravitational 
one for Q ~ Qext > Qo and r ~ 2GM, as in Eqs. (|5.31|) and ( |5.32|) . 
With Eq.(l^), Eqs.(F^ to simplify to 



e^'''{A + B + C + D) = 



1 /2GM\' 



{A + G) = -— 



3 /2GM\ 



J4> 



{B + D) = — 



D) = 



2r^ V r 
1 /2G'M\ 
2^2 y y. J 



■ 



2GM 



1 - 



2GM\ 



r 

2GM\ 
r J 



(5.51) 
(5.52) 
(5.53) 
(5.54) 



Then, 



r pol 



e pol 



1 - 



4m^ 



/2GM\^ c f S \ (2GM\ 
\ r J \2r'^ J \ r 



1 - 



4m^ 

y 



.SirGr'^ J V r 
/2GM\2 



-f-M 

V r y V2r^/ V 

/2G'M\2 



1 - 

r 

/2GM\ 



r 



1 



2G'M\ 



2 , , / 1 \ f2GM\'' / 2G'M\ 



)0 



2G'M\ 
r / 



2GM\ 



(5.55) 



r 



(5.56) 
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For QED corrections, 



r pol 



1 + (- 

TT 



/2GM\ 



'2/ J \ ^ 



13 /2G'M\ 



/2GM\ 



45 \Grin? J \ r 

/2GM\ 



e pol 



1 + 1^^ 

,7r 



1 



'2i /^'^ J \ ^ 



360 V ' 
2GM\ 
r J 
13 /2GM\ 



2GM\ 
r J 



(5.57) 



360 V 



1 
180 



3 - 



2GM\ 



7 / a \ /2GM\ 



180 VCm^ 



\ r / 



1 - 



2GM\ 



(5.58) 



In most cases the last terms in the square brackets in Eqs.( [5.57D and ( |5.58| ), which come 
from the electromagnetic part, still dominate because of the factor of ajGvr?. However, 
when r = 2GM, these terms vanish, and 



r pol 



1 + 



1 + 



13 (a 



1440 Vvr/ {GMmy 



e pol 



a 



1 



(5.59) 
(5.60) 



160 Vvr/ (GMm)2' 

This indicates that the dilatonic effect in fact becomes the most dominant one at the event 
horizon, and the velocities of the photons there in both polarizations are superluminal. 
There is a caveat here though. For > 0, the inner horizon is a singular surface, and in 
the extremal case the inner and event horizons merge. As one approaches the event horizon, 
which is now a singular surface, the curvature becomes very large. This would contradict 
our assumption that L ^ X. Thus the conclusion above can at best be taken only as an 
indication that the dilatonic effect would become more and more important for determining 
the light-cone condition of orbital photons as one gets nearer to the event horizon in the 
extremal or near-extremal cases. 



VI. CONCLUSIONS AND DISCUSSIONS 

We have investigated the phenomenon of "faster than light" photons, which occurs due 
to the matter quantum corrections to the photon propagator, in a family of dilaton black 
holes parametrized by d^. For d^ = 0, 1 and 3, we have the usual RN, the stringy and 

17 



the Kaluza-Klein black holes 0, respectively. Dilaton black holes are particular examples 
of black holes with scalar hairs, and their singularity structures are also quite different. It 
is therefore interesting to see if peculiar behaviors are present when this phenomenon is 
considered in this case. 

Indeed we find that for radially directed photons, the light-cone condition is modified 
despite the fact that the spacetimes are spherically symmetric. This result is different from 
the cases of Schwarzschild and RN black holes in which the light-cone condition for radial 
photons are unchanged. In this dilatonic case, the light-cone condition of the radial photons 
also satisfy the "horizon theorem" and the "polarization sum rule" of Shore [^. 

For orbital photons, we concentrate on the stringy case, = 1, as a typical example for 
non-zero a?. With the charge Q — Qo ^ Qext-, where Qo is the accretion limit charge and 
Qext the extremal charge, the pure gravitational effect (Schwarzschild part) is comparable 
to the electromagnetic one. The dilaton charge is much small than the mass. Eg. ( ^.49| ), 
so the dilatonic effect is negligible. On the other hand, if Q ~ Qext-, the electromagnetic 
effect will still dominate over the gravitational one, as in the RN case, so that the velocities 
of the photons in both polarizations are subluminal. The only exception is that as one 
approaches the event horizon, the dilatonic effect becomes more and more important, even 
more so than the electromagnetic one, and the velocities of the photons change to being 
superluminal. This indicates that the dilatonic effect is crucial in determining this "faster 
than light" phenomenon when the photon is near the event horizon in the extremal or 
near-extremal cases. 

In arriving at the above results, we have taken the approximations 

L > A > Ac (6.1) 

where L represents the scale of the typical variation of the background fields, A the photon 
wavelength and Ac the Compton wavelength. For d^ > 0, the inner horizon becomes singular. 
In addition, the inner and the event horizons merge in the extremal case. When the orbital 
photon is very near to the event horizon as mentioned above, the curvature becomes so large 
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that our approximation may no longer be valid. Hence, we have taken this result for the 
orbital photons only as an indication on the growing importance of the dilatonic effect as 
one gets near to the event horizon. 

It is therefore of interest to extend our investigation beyond the assumed range above 
if, for example, one wants to consider the extremal black holes more carefully. To relax the 
condition A ^ Ac requires the summation of terms like ^^{R/ m?){S/'^ / 'rrt)F'^ in the effective 
action. As discussed in Ref. 3, this may be achieved by the new summation technique of 
Barvinsky and Vilkovisky Whereas to go beyond the other constraint L ^ A, we need 
to push the formalism to the strong field regime and one must then use non-perturbative 
approximations. For instance, one may try to consider the light-cone condition of a massless 
fermion in the Gross- Neveu model in curved space by the approximation to extract 



non-perturbative effects. 

In Section V, we have concentrated on the dilaton black holes with = 1 because this 
corresponds to the stringy case, which is most interesting to us. Moreover, this case should 
be typical enough that similar results are expected for other non-zero values of a? . On the 
other hand, the low-energy effective action of string theories has introduced a whole new 



set of black holes |TT|]. The ones that we have considered here are the simplest. We can 
therefore extend our consideration to, for instance, dyonic dilaton black holes |]6|,|l2|, black 
holes with axions [|l^ , rotating dilaton black holes Jl^ and even black holes with non-trivial 



dilaton potentials [jT5|,|T6 
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